In light of the relativistic precession model, we present here detailed analyses, extending the ones performed in the Schwarzschild and Kerr spacetimes. We consider the kilohertz quasi-periodic oscillations in the Hartle-Thorne spacetime, which describes the gravitational field of a rotating and deformed object. We derive the analytic formulas for the epicyclic frequencies in the Hartel-Thorne spacetime and by means of these frequencies we interpret the kilohertz quasi-periodic oscillations of low-mass X-ray binaries of the atoll and Z -sources, on the basis of the relativistic precession model. Particularly we perform analyzes for Z -source: GX 5-1. We show that the quasi-periodic oscillations data can provide information on the parameters, namely, the mass, angular momentum and quadrupole moment of the compact objects in the low-mass X-ray binaries.
I. INTRODUCTION
It is believed that the quasi-periodic oscillations (QPOs) data of the X-ray flux from low mass X-ray binaries (LMXRBs) may be used to test general relativity (GR) in the strong field regime [1] [2] [3] [4] . QPOs appear in variabilities of several LMXRBs including those which contain a neutron star (NS). A certain kind of these oscillations, the socalled kilohertz (kHz) (or high-frequency) QPOs, come often in pairs with frequencies f L = f per = f φ − f r , where f φ is the azimutal (Keplerian) frequency, f r is the radial epicyclic frequency of the Keplerian motion, and f U = f φ = f K is typically in the range ∼ 50 − 1300 Hz. This is of the same order as the range of frequencies characteristic for orbital motion close to a compact object. Accordingly, most kHz QPO models involve orbital motion in the inner regions of an accretion disk (see [5, 6] ).
In order to explain the QPOs, various types of models have been proposed. These are: (i) the Beat-frequency models, where one assumes that there is some beating of an orbital frequency by the spin frequency of the central object, (ii) the relativistic precession models, where the QPOs are associated with the orbital motion and the periastron or nodal precession of a particular orbit, (iii) the relativistic resonance models, where a type of resonance between the orbital and the epicyclic frequencies is assumed wherever they have simple integer ratios, and finally (iv) the preferred radii models, where some mechanism chooses a particular radius. These models generally assume the geodesic or almost geodesic orbits of the fluid elements in the accretion disc to be the source of the observed frequencies (see e.g. [5] ), while there are also models in which the frequencies are produced from oscillatory modes of the entire disc (see e.g. [7] ). In one way or another all of these models use the properties of the orbits around the compact object onto which the accretion takes place. In our discussion we will refer to the models that assume that the QPOs are caused by the frequencies associated with the orbital motion of the material in the accretion disc such as the relativistic precession models (RPM)(see [2, 8] ).
The RPM has been proposed in a series of papers by [1, 2, 4] . It explains the kHz QPOs as a direct manifestation of modes of relativistic epicyclic motion of blobs arising at various radii r in the inner parts of the accretion disk. The model identifies the lower and upper kHz QPOs with the periastron precession f per and Keplerian f K frequency.
In the past years, the RPM has been considered among the candidates for explaining the twin-peak QPOs in several LMXBs and related constraints on the sources have been discussed (see e.g., [6, [9] [10] [11] [12] [13] ). While some of the early works discuss these constraints in terms of both NS mass and spin and include also the NS oblateness [3, 14] , most of the published implications for individual sources focus on the NS mass and neglect its rotation not to mention its oblateness.
In this paper, we perform analysis of mass estimate carried out by Stella [2] and Boutloukos et al [15] . In particular, we consider rotating spacetimes that comprehend the effects of frame-dragging and quadrupole moment of the source and fit directly the correlation between the twin QPO frequencies. We show that good fits can be reached for the case of three parameters the mass, angular momentum and quadrupole moment rather than for the preferred combination of mass and angular momentum [16] . The importance of the quadrupole moment has been emphasized in several works [8, [17] [18] [19] [20] [21] . Since the angular momentum of the source is in a non-trivial way related to its quadrupole moment, they should be considered together.
II. THE HARTLE-THORNE METRIC
The Hartle-Thorne metric describing the exterior field of a slowly rotating slightly deformed object is given by
where
Here P 2 (x) is Legendre polynomials of the first kind, Q m l are the associated Legendre polynomials of the second kind and the constants M , J and Q are the total mass, angular momentum and quadrupole parameter of a rotating star respectively. The Hartle-Thorne metric is an approximate solution of vacuum Einstein field equations that describes the exterior of any slowly and rigidly rotating, stationary and axially symmetric body. The metric is given with accuracy up to the second order terms in the body's angular momentum, and first order in its quadrupole moment. The approximate Kerr metric [22] in the Boyer-Lindquist coordinates (t, R, Θ, φ) up to second order terms in the rotation parameter a can be obtained from (1) by setting
and making a coordinate transformation given by
III. THE EPICYCLIC FREQUENCIES
Properties of congruences of nearly circular geodesic orbits in stationary and axially symmetric spacetime such as the HT spacetime are studied because of their fundamental role in the theory of accretion disks around compact objects with strong gravity. The radial epicyclic frequency and vertical epicyclic frequency are the most important characteristics of these orbits. Analytic formulas for the frequencies in Schwarzschild, Kerr and Hartle-Thorne metrics have been published many times by several authors (see e.g. [23] [24] [25] [26] [27] ) and are well-known. Here we give more explicit derivation of the frequencies for the HT metric at equatorial plane.
The Keplerian angular velocity (angular frequency) ω K for the Hartle-Thorne solution is given by
where (+/−) stands for co-rotating/contra-rotating geodesics, j = J/M 2 and q = Q/M 3 are the dimensionless angular momentum and quadrupole parameter and u = M/r. The rest quantities are defined as follows
Let us consider oscillations around circular orbits in the plane θ = π/2. As U t = −E and U φ = L are the integrals of motion, related to the energy and the orbital angular momentum of a test boby, then the perturbation of 4-velocity becomes
To calculate the epicyclic frequencies of these oscillations we can use the 4-velocity on the circular orbit
where ǫ = 0, −1, and calculate it on the perturbed trajectory
δr ∂g
As θ = π/2 is the plane of symmetry, then all derivatives with ∂θ are equal to 0 (but not with ∂θ 2 ). Equation of circular orbits can be written as
where g αβ ,r is the derivative of the metric tensor with respect to r. As a result first nonvanishing terms give us
where the dot denotes derivative with respect to t and
is a constant. Explicitly, using the fact that
where l = −U φ /U t is the specific orbital angular momentum of a test particle per unit energy. Taking derivative of (12) with respect to t one has the equation of non-coupled harmonic oscillations with angular frequencies given by
Defining an effective potential by: U ef f (r, θ, l) = g tt − 2lg tφ + l 2 g φφ , which can be used to find the general formula for the epicyclic frequencies on the equatorial plane, the previous expression becomes
where ω K = U φ /U t is the orbital angular velocity of a test particle. The radial frequencies are given by
The vertical frequencies are given by
IV. DETERMINATION OF THE MASS, ANGULAR MOMENTUM AND QUADRUPOLE MOMENT
Spacetimes around rotating NSs can be with a high precision approximated by the three parametric Hartle-Thorne (HT) solution of Einstein field equations ( [28] ; see [29] ). The solution considers the mass M , angular momentum J and quadrupole moment Q (supposed to reflect the rotationally induced oblateness of the star). It is known that in most situations modeled with the present NS equations of state (EoS) the NS external geometry is very different from the Kerr geometry (representing the limit of HT geometry forq ≡ QM/J 2 → 1). However, the situation changes when the NS mass approaches maximum for a given EoS. For high masses the quadrupole moment does not induce large differences from the Kerr geometry sinceq takes values close to unity. Nevertheless this does not mean that one can easily neglect the quadrupole moment. For this reason in this work we extend the analyses of [2] involving the Hartle-Thorne solution.
Usually in the literature the QPOs data are given by the following frequencies
In Fig. 1 the radial frequency f r is plotted versus the upper (Keplerian) frequency f U in the Schwarzschild spacetime (j = 0, q = 0). The smaller mass the higher radial frequency f r . Note for (j = 0, q = 0), the Keplerian frequency f K coincides with the vertical frequency f θ . The Keplerian frequency f φ versus the periastron frequency f per = f φ − f r is show in Fig. 2 . The observational datapoints in the Figs. 1, 2 belong to Atoll ( 4U0614+091, 4U1608-52, 4U1636-536, 4U1728-34, 4U1735-44) and Z ( GX 5-1, GX 17+2, GX 340+0, Sco X-1, Cir X-1) sources. For the sake of clarity the error bars have been omitted. The QPOs data have been taken from [30] [31] [32] [33] and references therein. For the fixed mass and zero quadrupole parameter different curves are shown in Figs. 3 and 5 varying the value of j. Figs. 4 and 6 show the frequencies around non-rotating deformed objects with the fixed mass and different quadrupole moment. Indeed, the rotation and deformation of a central object (in our case a neutron stars) play a pivotal role in describing quasi-periodic oscillations. In Figs. 7, 8, 9 , 10 are shown the radial frequencies versus the upper frequencies depending on M , j and q of the central source.
In this work we used the minimum set of parameters such as the total mass M , dimensionless angular momentum j and quadrupole parameter q of the source. Unfortunately, from the observations it is hard to obtain precise values of the masses of the LMXBs. Different references show contradicting numbers. For example, Sco X-1 is the well-known X-ray binary system classified as a low-mass X-ray binary; the neutron star is roughly 1.4 solar masses, while the donor star is only 0.42 solar masses [34] . However references [2] , [35] and [36] present various values for the neutron star mass.
In Fig. 11 we show best fits for the upper frequency versus the lower frequency for the Z source GX 5-1. Here we see that the fit with all three parameters is better than the fit with the only one parameter, the mass M . Statistical test χ 2 = 0.998 for the three parameter fit and χ 2 = 0.993 for the one parameter fit. 
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V. CONCLUSION
In this paper we have derived the formulas for the epicyclic frequencies of test particles in the Hartle-Thorne spacetime. With the help of these frequencies and according to the relativistic precession model we have interpreted the quasi-periodic oscillations of the low-mass X-ray binaries. We have constructed the dependence of the higher frequencies with respect to the lower frequencies varying the main parameters of the central compact object such as the mass, angular momentum and quadrupole moment. Eventually for Z source GX 5-1 we have performed the fitting analyses and found the best fit to estimate the mass, angular momentum and quadrupole moment. We have shown that the three parameter fit is better than one-two parameter fit. For better analyses one needs to consider more sources with refined data. It would be interesting to perform further calculations assigning the neutron star equation of state and construct mass-radius, mass-angular momentum, angular velocity-quadrupole moment etc. relations in order to compare and contrast the theory with observations. A first step in this direction was recently taken forward by Belvedere et. al. [37] , where the authors construct the equilibrium configurations of uniformly rotating neutron stars taking into account all fundamental interactions in the self-consistent relativistic fashion. The construction of the angular momentum-quadrupole moment relation from the theoretical point of view and its comparison with the best fit of observational data will be the issue of future investigations. 
